Understanding of the nature of dark energy, which appears to drive the expansion of the universe, is one of the central problems of physical cosmology today. In an earlier paper [Daly & Djorgovski (2003) ] we proposed a novel method to determine the expansion rate E(z) and the deceleration parameter q(z) in a largely model-independent way, directly from the data on coordinate distances y(z). Here we expand this methodology to include measurements of the pressure of dark energy p(z), its normalized energy density fraction f (z), and the equation of state parameter w(z). We then apply this methodology to a new, combined data set of distances to supernovae and radio galaxies. In evaluating E(z) and q(z), we make only the assumptions that the FRW metric applies, and that the universe is spatially flat (an assumption strongly supported by modern CMBR measurements). These determinations are independent of any theory of gravity. For evaluations of p(z), f (z) and w(z), a theory of gravity must be adopted, and General Relativity is assumed here. No apriori assumptions regarding the properties or redshift evolution of the dark energy are needed. We obtain trends for y(z) and E(z) which are fully consistent with the standard Friedmann-Lemaitre -2 -concordance cosmology with Ω 0 = 0.3 and Λ 0 = 0.7. The measured trend for q(z) deviates systematically from the predictions of this model on a ∼ 1 − 2 σ level, but may be consistent for smaller values of Λ 0 . We confirm our previous result that the universe transitions from acceleration to deceleration at a redshift z T ≈ 0.4. The trends for p(z), f (z), and w(z) are consistent with being constant at least out to z ∼ 0.3 − 0.5, and broadly consistent with being constant out to higher redshits, but with large uncertainties. There are hints of upturns in these quantities at z > 0.5, but present data are inadequate to make any strong statements about such possibilities. For the present values of these parameters we obtain: E(z) = 0.97 ± 0.03, q 0 = −0.35 ± 0.15, p 0 = −0.6 ± 0.15, f 0 = −0.62 − (Ω m,0 − 0.3) ± 0.05, and w 0 = −0.9 − ǫ(Ω m,0 − 0.3) ± 0.1, where Ω m,0 is the density parameter for nonrelativistic matter, and ǫ ≈ 1.5 ± 0.1. We note that in the standard Friedmann-Lemaitre models p 0 = −Λ 0 , and thus we can measure the value of the cosmological constant directly, and in agreement with other contemporary results.
Introduction
The universe appears to be accelerating in its expansion (Riess et al. 2004; Perlmutter et al. 1999; Riess et al. 1998) . Precision measurements of cosmological parameters from CMBR experiments confirm this remarkable finding (e.g., Bennett et al. 2003, Spergel et al. 2003, and references therein) . This is one of the key results of modern cosmology, with potentially significant implications for fundamental physics as well. The nature of the "dark energy" which apparently drives the cosmic acceleration is unknown, and it is crucially important to extract information about it from the data in a manner that is as direct and model-independent as possible.
In Daly & Djorgovski (2003;  hereafter paper I), we showed how the data could be used to study the dimensionless expansion rate of the universe, E(z), and the deceleration parameter of the universe, q(z) directly from combinations of the first and second derivatives of the coordinate distance. These determinations only depend upon the Friedmann-Robertson-Walker metric, and an assumption of spatially flat geometry, which is now very well established by the CMBR experiments. The evaluations do not require the specification of anything else, including a theory of gravity. The use of model-independent methods to derive information about the dark energy are discussed, for example, by Huterer & Turner (1999 , 2001 , Huterer & Starkman (2003) , , . The work of Huterer & Turner focuses on determinations on w(z), as does that of Huterer & Starkman (2003) . focus on the determination of the energy density of the dark energy, and use an approach that is complementary to that used here, by integrating the data over shells in redshift space to obtain the energy density as a function of redshift, while we differentiate the data to obtain this function.
Here, we take this approach a step further, and obtain the pressure, energy density, and equation of state of the dark energy directly from combinations of the first and second derivatives of the coordinate distance with respect to redshift. This approach is complementary to the standard approach of assuming a theory of gravity, assuming a parameterization for the dark energy and its redshift evolution, and obtaining the best fit parameters.
We apply this methodology on an improved set of distances to supernovae (SNe) from Riess et al. (2004) , supplemented with the data on high-redshift radio galaxies (RGs) from paper I.
Theory
This work builds upon paper I, and we refer the reader to it for more details and discussion. It is well known that the dimensionless expansion rate E(z) can be written as the derivative of the dimensionless coordinate distances y(z); the expression is particularly simple when the space curvature term is equal to zero. In this case,
where a is the cosmic scale factor, and H 0 = (ȧ/a) evaluated at a redshift of zero is Hubble's constant. This representation follows directly from the Friedman-Robertson-Walker line element, and does not require the use of a theory of gravity. Similarly, it is shown in paper I that the dimensionless deceleration parameter
also follows directly from the FRW line element, and does not rely upon a theory of gravity. Thus, measurements of the dimensionless coordinate distance to sources at different redshifts can be used to determine dy/dz and d 2 y/dz 2 , which can then be used to determine E(z) and q(z).
In addition, if a theory of gravity is specified, the measurements of dy/dz and d 2 y/dz 2 can be used to determine the pressure, energy density, and equation of state of the dark energy as functions of redshift. Thus, we can use the data to determine these functions directly, which provides an approach that is complementary to the standard one of assuming a functional form apriori, and then fitting the parameters of the chosen function. To determine the pressure, energy density, and equation of state of the dark energy as functions of redshift, the theory of gravity adopted is General Relativity.
In a spatially flat, homogeneous, isotropic universe with non-relativistic matter and dark energy Einstein's equations are
and
where ρ m is the mean mass-energy density of non-relativistic matter, ρ DE is the mean massenergy density of the dark energy, and P DE is the pressure of the dark energy. Combining these equations, we find (ä/a) = −0.
Using the standard definition of the critical density at the present epoch ρ oc = 3H 2 0 /(8πG), it is easy to show that
Equations (1) and (2) can be used to obtain the pressure of the dark energy as a function of redshift
Thus, the pressure of the dark energy can be determined directly from measurements under the same assumptions as above. Moreover, for the standard Friedmann-Lemaitre models, it can be shown that p = −Ω Λ , giving us a way to measure the value of the cosmological constant directly.
Similarly, the energy density of the dark energy can be obtained directly from the data using equation (4):
where Ω 0 = ρ om /ρ oc is the fractional contribution of non-relativistic matter to the total critical density at zero redshift, and it is assumed that this non-relativistic matter evolves as (1 + z) 3 .
The equation of state w(z) is defined to be the ratio of the pressure of the dark energy to it's energy-density w(z) ≡ P DE (z)/ρ DE (z). Combining equations (6) and (7), it is easy to show that
Data Analysis and Results
Our method is based on a robust numerical differentiation of data on coordinate distances y(z). One of the advantages of our method is that distances from different types of measurements (e.g., SNe standard candles, and RG standard rulers) can be combined, separating the astrophysical questions (how standard are these sources, what are the selection effects, etc.) from analysis dealing with pure geometry and kinematics.
Two data samples are included in this study: the RG sample presented and described by Guerra, Daly, & Wan (2000) , Daly & Guerra (2002) , Podariu et al. (2003) , and in paper I, and the latest cosmological SNe sample from Riess et al. (2004) . The RG sample consists of 20 RGs with redshifts between zero and 1.8 (Guerra, Daly, & Wan 2000) . The SNe sample that we use here consists of 156 "gold" SNe, with redshifts between zero and 1.7 (Riess et al. 2004) . We refer to the original papers for the description of the measurements and other pertinent information.
The dimensionless coordinate distances y(z) to RGs were determined in paper I for normalizations obtained using RGs alone (referred to as y s ), and obtained using a joint sample of RGs and SNe (referred to as y j ). The current SNe sample is used to obtain new values of y j by using them to determine a new normalization for the RGs, and these are listed in Table 1 . These values are nearly identical to those in paper I.
The dimensionless coordinate distances to SNe are listed in Table 2 . To determine these from the distance moduli published by Riess et al. (2004) , the value of H 0 must be known. This was not given explicitly in the Riess et al. paper, as it was not needed for their analysis. We determined the value of the effective H 0 applicable to the SNe sample with z < 0.1, where the expansion must be close to linear, and the Hubble relation H 0 = v(1 + z)/d L , where the luminosity distance d L is obtained directly from the distance moduli tabulated by Riess et al.
We get H 0 = 66.4 ± 0.8 km s −1 Mpc −1 . This value is used simply to provide the normalized coordinate distances y(z), but it does not affect our analysis in any other way.
We test for the consistency between the distance measurements from SNe and RGs in the redshift interval where they overlap (Figure 1 ). Reassuringly, we find no significant systematic offset, which indicates that the joint sample is sufficiently homogeneous for our purposes. We note that we repeated our analysis for the SN sample alone, and got essentially the same results, but with larger error bars at the high-redshift end, where the sample of SNe is still very sparse, and RGs provide valuable supplementary data. At the low redshifts, SNe dominate the results.
Our methodology is described in detail in paper I, which also includes extensive tests using simulated data. To summarize briefly, we perform a statistically robust numerical differentiation of the y(z) data, in order to obtain the first and second derivatives, dy/dz and d 2 y/dz 2 used in eqs.
(1-8). While differentiation of noisy and sparse data is generally inadvisable, it is possible and may be useful if one keeps a careful track of the errors and other limitations posed by the data.
The procedure is based on properly weighted second-order least-squares fits at a closely spaced grid of redshift points, in a sliding redshift window, which is generally chosen to be sufficiently large (∆z = 0.4 or 0.6) to have enough data points for meaningful measurements of the 3 fit coefficients. The fit coefficients and their errors essentially correspond to the best fit values for y(z), dy/dz and d 2 y/dz 2 . We are effectively doing a Taylor series expansion for the expansion law as a function of redshift. Statistical errors, including all covariance terms, are propagated in the standard manner. While the large values of ∆z are needed in order to obtain stable fits, that also means that there are very few independent intervals: we are essentially mapping the trends, rather than to try to bin the data. We find that the derived mean trends for all quantities of interest described below do not depend significantly on the value of ∆z used, i.e., the results are robust with respect to this parameter. However, the statistical errors increase dramatically for lower values of ∆z, due to the smaller numbers of enclosed data points.
While the fitting procedure generates statistically rigorous errors at every point, that does not include any effects of the uneven data sampling and sample variance (see the discussion in paper I). The 1-σ error intervals plotted in the figures reflect only the statistical errors. The apparent "bumps and wiggles" are presumably indicative of the sparse sampling, especially at higher redshifts. Any systematic errors in y(z) measurements which may be present in the data are also absorbed there. Thus, one should not believe any such features in the plots, but only look at the global trends. We also regard the values for all derived quantities at lower redshifts to be fairly reliable, since the data are the best and the sampling is densest as z → 0.
We do not endeavor here to examine or advocate the primary measurements of distances we use in our analysis; that was done in the original papers from which they came. Our purpose here is to illustrate the methodology and seek some early hints about the possible cosmological trends in the data, assuming that the data are sound. Better and larger data sets in the future can be explored using this methodology with a much greater potential. Figure 2 shows the data from the combined RG+SN (gold) sample, and the representative fits for y(z), for window function widths ∆z of 0.4 and 0.6. Figure 3 shows the corresponding results for the dimensionless expansion rate, E(z). We obtain the present value of E 0 = 0.97 ± 0.03. Both trends, y(z) and E(z) are fully consistent with the standard concordance model, which assumes w = −1, Ω 0 = 0.3, and Λ 0 = 0.7. Figure 4 shows the trend for the deceleration parameter q(z). This is an update of our result from paper I, which we believe was the first direct demonstration of the transition from a decelerating to an accelerating universe. This was subsequently seen by Riess et al. (2004) and is further confirmed here. We see a clear trend of an increase in q(z) with redshift out to z ∼ 0.6, but the fits become noisy and unreliable beyond that, due to the still limited number of data points at higher redshifts. The present value is estimated at q 0 = −0.35 ± 0.15.
The zero crossing is seen at z T ≈ 0.4; specifically, for the window function with ∆z = 0.6, it is z T = 0.35 ± 0.07. While the value of z T does not depend significantly on the value of ∆z used, the size of the uncertainty does, and we are reluctant to quote one particular case. While the lower limit is relatively robust, the upper bound is very uncertain due to the sparse sampling at higher redshifts. We note that in the simple Friedmann-Lemaitre models
For the standard concordance model with w = −1, Ω m = 0.3, and Ω Λ = 0.7, we would expect z T = 0.67. If z T = 0.35, then the implied values is Ω Λ = 0.55 for a k = 0 model. Indeed, the evaluated trend for q(z) is closer to the Ω Λ = 0.5 model than to the Ω Λ = 0.7 case, which seems systematically low at a 1 to 2 σ level (statistical errors only). However, given the limitations presented by the available data sample, we are unsure about the significance of this effect.
For the subsequent measurements, the assumption that GR is the correct theory of gravity is made (see the previous section).
Equation (6) is used to obtain the pressure of the dark energy as a function of redshift, and the results are shown in Figure 5 , for a window function with ∆z = 0.6. The present value is p = −0.6 ± 0.15. The results are consistent with the pressure remaining constant to z ∼ 0.5, and possibly beyond; the strong fluctuations at higher redshifts, due to a sparser sampling of data, preclude any stronger statements at this point.
Note that ρ DE0 = P DE0 /w 0 so the value of p 0 can be used to determine w 0 if ρ DE0 is known, or vise versa; for Ω DE0 = 0.7, our determination of p 0 implies w 0 = −0.86 ± 0.21; or, for w 0 = −1, our determination of p 0 implies Ω DE0 = 0.6 ± 0.15, which is fully consistent with other measurements of the cosmological constant and our own estimate from the z T given above. Equation (7) is used to obtain the energy density of the dark energy as a function of redshift, as shown in Figure 6 for the window function width ∆z = 0.6, assuming the mean mass density in non-relativistic matter at zero redshift is Ω m,0 = 0.3 (implementing different choices for Ω m,0 is trivial). The present value is f (z) = 0.62 ± 0.05. The data are consistent with constant mean dark energy density out to z ∼ 0.5 and possibly beyond.
Equation (8) is used to study the equation of state parameter w(z) as a function of redshift and the results are shown in Figure 7 . The present value w 0 = −0.9 ± 0.1 is fully consistent with the interpretation of the dark energy as a cosmological constant (w = −1). However, the trend out to z ∼ 0.6 is intriguing. We are uncertain at this point whether this is simply due to a sampling-induced fluctuation (as is obviously the case at higher redshifts), or whether there may be a real evolution of w(z). Clearly, to invoke the standard cosmological truism, more data are needed.
In all of our analysis, we have also considered different samples and subsmaples of data, such as including a sample of just the "silver" and "gold" SNe (Riess et al. 2004) , the "gold" SNe alone, and the sample of RGs plus "silver" and "gold" SNe; the results are effectively the same as those shown here. However, we note that since the SNe dominate the joint sample, all of our results are just as vulnerable to any hidden systematic errors which may be present in the data, as the more traditional analysis presented by Riess et al.
Summary
We expanded and used the method developed in paper I on a new sample of coordinate distances to SNe and RGs, to evaluate the trends of the expansion rate E(z), deceleration parameter q(z), pressure of the dark energy p(z), its fractional energy density f (z), and its equation of state parameter w(z), as functions of redshift. We make an assumption that the FRW metric is valid, and the observationally supported assumption of the spatially flat universe. This enables us to derive the trends for E(z) and q(z) which are otherwise modelindependent, and thus can help discriminate at least some proposed models of the dark energy. By assuming that the standard GR is the correct theory of gravity on cosmological scales, we can also produce trends of p(z), f (z) and w(z), without any additional assumptions about the nature of dark energy. These trends may be also used to discriminate between different physical models of the dark energy.
We find that the data are generally, but perhaps not entirely consistent with the standard Friedmann-Lemaitre concordance cosmology with w = −1, Ω 0 = 0.3, and Λ 0 = 0.7, although somewhat lower values of Λ 0 may be preferred.
We confirm the result paper I and from Riess et al. (2004) that there is a clear increase q(z) with redshift, with the present value q 0 = 0.35±0.1, and the transition from decelerating to accelerating universe at z T ≈ 0.4.
Functions p(z), f (z), and w(z) are consistent with being constant at least out to z ∼ 0.5, and possibly beyond; the existing data are inadequate to constrain their evolution beyond z ∼ 0.5, but there are some hints of increase with redshift for f (z) and w(z).
At lower redshifts, the data are cosistent with cosmological constant models. We obtain for the present values w 0 = −0.9 ± 0.1 and p 0 = −0.6 ± 0.15 (= −Λ 0 for the FriedmannLemaitre models).
Even with the currently available data, these results represent new observational constraints for models of the dark energy. We believe that this methodology will prove increasingly useful in determining the nature and evolution of the dark energy as better and more extensive data sets become available. . At a redshift of zero, the value of E is E 0 = 0.97 ± 0.03. The value of E(z) predicted in a spatially flat universe with a cosmological constant and Ω 0 = 0.3 is also shown, and provides a reasonable match to the data. Fig. 4. -The derived values of deceleration parameter q(z) and their 1 σ error bars obtained with window function of width ∆z = 0.6 applied to the RG plus gold SNe sample. The universe transitions from acceleration to deceleration at a redshift z T ≈ 0.4. The value of the deceleration parameter at zero redshift is q 0 = −0.35 ± 0.15. Note that this determination of q(z) only depends upon the assumptions that the universe is homogenous, isotropic, expanding, and spatially flat, and it does not depend on any assumptions about the nature of the dark energy, or the correct theory of gravity. Solid and dashed lines show the expected dependence in the standard Friedmann-Lemaitre models with zero curvature, for two pairs of values of Ω 0 and Λ 0 . 6. This derivation of f (z) requires of theory of gravity and the value of Ω 0 ; General Relativity has been adopted here, and Ω 0 = 0.3 is assumed. The value at zero redshift is w 0 = −0.9 ± 0.1, consistent with the cosmological constant models.
